Abstract-The use of constrained thermal expansion to tune the resonant frequency of vibrating micromechanical resonators is explored. A simple model is developed to predict the power sensitivity obtained with folded and unfolded geometries, including the effects of electrothermal heating, and conduction and convection cooling. It is shown that the sensitivity of folded structures can change sign as the ambient gas pressure is lowered in contrast to the behavior of unfolded structures. Tuning is then by tensile axial stress rather than compressive stress. Using folded laterally resonant bulk-micromachined comb-drive electrostatic actuators, tuning ranges of 025% and +50% are obtained (at atmospheric pressure and at 10 mTorr, respectively, with powers of 10 and 1.5 mW, respectively). A nested coupled resonator is then presented in which the frequency of one resonator may be tuned without effecting that of the other, thus allowing frequency matching to be obtained. [272] 
I. INTRODUCTION
T HE USE OF frequency (rather than amplitude) to encode readout in a sensor allows excellent immunity to noise. As a result, sensors based on vibrating elements have received considerable attention, and many physical and chemical parameters have been measured with different resonator configurations [1] - [4] . Resonant sensors are also highly amenable to miniaturization on silicon substrates. Size reduction increases shock resistance, and the use of high-quality material reduces internal loss. Large factors have been obtained from vibrating beams of both single-crystal Si and polysilicon [5] , [6] .
Micromechanical strain sensors may be based directly on the sensitivity of the resonant frequency of a vibrating beam to axial strain [6] - [8] . Other sensor types operate by the modification of an applied strain by another measurand. For example, a number of different pressure sensors that use the bowing of a diaphragm to apply strain to the suspension of a vibrating system have been demonstrated [9] - [14] , and mass flow sensors that operate by the cooling of an electrothermally strained vibrating beam have also been developed [15] , [16] .
A rather different type of vibrating sensor operates by the transfer of energy between two vibrational modes. For example, there has been considerable interest in miniature gyroscopes that operate via the coupling of orthogonal modes by coriolis force [17] - [19] . In high-coupled resonator systems, optimum energy transfer requires accurate matching of the two resonances. However, design errors, defects, and stresses all cause shifts in resonant frequency, and it is important to develop methods of frequency tuning. Passive tuning by dimensional trimming has already been used to match the orthogonal bending mode resonances of rectangular beams [19] , but active tuning may be required to maintain frequency matching through the lifetime of the device.
Active tuning of a vibrating system was originally demonstrated by using electrostatic deflection to prestress a vibrating membrane [20] . More recently, electrostatically applied stresses have been used to tune the resonant frequency of suspended in-plane actuators fabricated by the SCREAM process [21] , [22] . In further developments of this work, additional electrostatic actuators have been used to obtain independent control of the linear and nonlinear stiffness coefficients of the suspension, however, the structures needed for tuning are relatively complex [23] .
A simpler alternative is provided by electrical heating. Electrothermal drives that operate by using a thin-film heater to induce buckling of a doubly clamped beam are used as the excitation mechanism in many vibrating sensors [15] , [16] . Resistive heating has also been employed in a variety of out-of-plane bimorph cantilever actuators [24] - [28] . A smaller number of in-plane electrothermal actuators has also been developed, based on the use of a folded asymmetric geometry (rather than differences in material properties) to obtain bimorph action [29] , [30] .
In this paper, we consider the use of electrothermal tuning for active frequency matching in coupled resonator systems. Two main aspects are involved. First, electrothermal devices most often operate by using heating to cause a compressive axial strain in a suspension element. In these circumstances, there is a significant risk of buckling. Here, we show that the use of a folded geometry can allow tensile strains to be developed instead, provided convection can be reduced to a sufficiently low level that thermal conduction becomes the dominant cooling process. Second, the mechanical connection inherent in a coupled resonator generally implies simultaneous electrical and thermal coupling, unless additional insulating materials are employed. Here, we show that by using a compact geometry in which one resonator is nested inside the other, the resonant frequency of the outer structure may be altered without substantially affecting that of the inner one, without the need for insulators.
In Section II, we construct a simple thermal model for electrothermally tuned devices that includes the effects of resistive heating and of convection and conduction cooling. We use this model to estimate the temperature profile obtained in geometries typical of micromechanical resonators based on cantilever suspensions, and show that an axial strain in the suspension can be obtained by preventing the resulting thermal expansion. In particular, we compare geometries that have linear and folded arrangements; in the former case, the strain arises from the constraining effect of the substrate on the suspended parts, and in the latter from the differential action of one suspended part against another. We also show that the strain is always compressive in the linear geometry. However, it may be either compressive or tensile in the folded geometry, depending on which cooling mechanism-convection or conduction-is dominant. Because convection may be reduced by lowering the ambient gas pressure, tensile strains may therefore be imposed if the pressure is low enough. By linearizing the standard expression for the lateral stiffness of an axially loaded cantilever, we estimate the change in resonant frequency arising from the electrothermally induced strain and obtain simple analytic expressions for the tuning sensitivity in a number of limiting cases.
In Section III, we demonstrate wide-range low-power electrothermal tuning of laterally resonant comb-drive electrostatic actuators. The devices are based on a folded geometry and constructed by bulk micromachining. We show that the tuning sensitivity does indeed change sign as the ambient gas pressure is lowered, thus demonstrating the predicted reversal in sign of the axial strain in the suspension. The agreement between the experimental measurements and the model predictions is only qualitative, however, mainly due to the simplified treatment of convection cooling. Independent tuning of one resonator in a nested resonator system is then demonstrated in Section IV.
II. MODELING OF ELECTROTHERMAL TUNING
In this section, we compare the thermomechanical behavior of two micromechanical resonator geometries that are suitable for tuning by resistive heating. Fig. 1(a) shows linear structure, formed from two back-to-back cantilevers, each of length and thickness (measured in the plane of the figure), carrying a central mass of length and thickness . All parts are of depth measured perpendicular to the figure. The structure is suspended above a substrate at two anchor points and assumed to vibrate in the plane of the figure under the action of (for example) an electrostatic drive. The cantilever suspension may be heated by a constant current passed between the anchor points. The temperature rise that results is nonuniform, but can be considered to cause an overall expansion of the suspended structure. However, the expansion is constrained by the substrate, which is assumed to be held at a fixed temperature, so that axial strains are imposed on the cantilever suspension. Fig. 1(b) shows an alternative suspended structure, with a folded geometry more typical of comb-drive electrostatic actuators [31] - [33] . Here, two cantilevers, again of length and thickness , support a larger spar (which normally carries the comb electrode) of length and thickness . The structure is again of depth and may again be heated by a current passed between the anchors. This time, however, thermal strains are caused by differential expansion of the suspended parts.
Because Fig. 1 (a) and (b) are both symmetric, it is only necessary to model the heat flow in half the structure in each case. Furthermore, since the adoption of a folded geometry does not substantially affect the flow of heat, a suitable model may be constructed for both devices based on the common geometry of Fig. 2(a) . This structure consists of a single cantilever of length and thickness , connected to a thicker rigid part of length and thickness that may represent half of the mass or the spar as appropriate. Both parts have equal Young's modulus , thermal conductivity , thermal expansion coefficient , and resistivity and carry a current . In this model, the short sections at either end of the folded structure of Fig. 1 (b) are effectively ignored.
To estimate the temperature profile obtained by electrothermal heating, we assume a very simple one-dimensional (1-D) model in which the local temperature depends only on a single coordinate along the structure, so that , where is the ambient temperature and is a temperature rise. The predominant thermal processes in the model are resistive heating and conduction and convection cooling. Because the expected temperature rise is small, we neglect the effect of radiation-this assumption will be justified later. Because of dimensional and velocity differences between the two parts, the three thermal processes are assumed to have different relative significance in the two sections. In the cantilever, which has a relatively small cross-sectional area , the predominant thermal effects are assumed to be resistive heating and conduction. Since the surface area per unit length is small, however, we neglect convective cooling. Thus, for this part, we write [34] for (1) Here, the first term describes the resistive heating per unit length, while the second term models conductive heat transfer.
In the mass or spar, which both have a relatively large cross-sectional area , resistive heating is much less significant. However, there is likely to be considerable convection cooling, since the surface area per unit length is much larger, and these parts may also move rapidly in an ambient gas. In this case, we therefore write [34] for (2) Here, the first term describes conductive heat transfer per unit length, while the second term models Newtonian cooling, assuming an appropriate heat transfer coefficient . To solve (1) and (2), we assume the thermal boundary condition of at the fixed end of the cantilever, so that at . Symmetry provides a second boundary condition of at . A final boundary condition arises from the requirement for continuity of conductive heat flow at , so that . The resulting solution is for for (3) where is the total electrical power, and are geometric ratios, is a normalized distance, is a dimensionless parameter that indicates the relative significance of convection and conduction cooling, and the dimensionless functions and are (4) with constants and given by
We now consider the implications of this solution. Simple approximations can easily be obtained for limiting cases. When is large (i.e., when there is significant convection cooling), tends to 1/2 while tends to zero, so that
This solution is sketched in Fig. 2(b) as Curve A. Here, the temperature rise varies parabolically in the cantilever, falling to zero at both ends. The temperature rise in the mass or spar is zero because heat transferred to this part from the cantilever by conduction is dissipated immediately by convection.
On the other hand, when is small (i.e., when there is little convection cooling), tends to one while tends to 1/2. In this case, the functions and become
This solution is shown in Fig. 2(b) by Curve B. The temperature rise again varies parabolically in the cantilever, increasing from zero at the fixed end to a maximum at the free end. However, the temperature rise in the mass/spar is now nonzero because of the lack of convection cooling, in fact, it is uniform along the entire length of this part.
Between these extremes (for moderate convection cooling), the variation is as shown by Curve C in Fig. 2(b) . The variation in the cantilever is an asymmetric parabola, which converts to a catenary function in the mass/spar. The discontinuity in the slope of the solution at the joint between the parts depends on their relative cross sections. In all three curves, the average temperature rise in the two parts may be different. This feature allows differential strain in folded geometries, as we show later.
We now consider the mechanical effect of the temperature distribution. In doing so, we must take account of geometry. We begin with the unfolded structure of Fig. 1(a) . Without any constraint, the constituent parts would naturally elongate. Expressed as strains, the average thermal expansions and of the cantilever and the mass are (8) However, if the substrate is infinitely resilient, the ends of the structure must remain fixed, so that additional strains are generated in the cantilever and mass. By imposing the requirement of an equal axial force in each component, the strain in the cantilever may be found as
Here, the subscript " " denotes the "unfolded" geometry. Since is negative, the strain is always compressive. However, the geometric ratio is often significantly larger than unity. In this case, (9) may be approximated as . The effect of the substrate is then to force the cantilever to take up all of its own thermal strain, together with that of the mass. A similar calculation can be performed for the folded geometry, assuming the spar is sufficiently rigid that bending can be neglected. In this case, the strain is , where the subscript " " denotes "folded." This time, the strain is derived from differential action and can be compressive or tensile, depending on the values of and , and hence on the temperature rises in the two parts. Combining previous results, the strain for both geometries can be expressed in common form as (10) where is a parameter representing the relative importance of thermal expansion and conduction and the dimensionless shape function is (11) Here, the function (for the unfolded geometry) is obtained using the positive sign, while (for the folded geometry) is obtained with the negative sign.
The axial strain causes a load on the suspension cantilevers, which alters their transverse stiffness. A simple linearized expression for the modified stiffness may be obtained as follows. In Fig. 1(a) and (b) , the cantilevers behave as a beams with one fixed end and one guided free end. Using standard expressions [35] , the transverse stiffness obtained when this type of beam is subject to a simultaneous axial load may be written as (12) where is the second moment of area of the beam, , and is the axial load. A linear approximation can be found by expanding the cosine and sine terms as Taylor series to obtain (13) where is the stiffness obtained in the absence of the axial load. The stiffness therefore varies quasi-linearly with and falls to zero when . In fact, the full theory predicts collapse at the first Euler buckling load, when . Fig. 3 shows the variation of with , as predicted by (12) and (13), together with the fractional error of the latter. The approximate expression is surprisingly accurate-the fractional error is below 0.01 (1%) for axial loads up to , i.e., 50% of the buckling load.
If two such cantilevers act as the suspension of the massspring systems of Fig. 1(a) and (b) , the resonant frequency will be , where is the mass of half the central part. Using (13), a binomial approximation for valid for small changes from can be obtained as (14) where . Thus, the effect of compression is to lower the resonant frequency, with the fractional reduction being proportional to . If we write the load in terms of the strain of (10) (compressive strains being negative) as , then the resonant frequency varies as
We now define the "power sensitivity" as the rate of fractional change of resonant frequency with power. In fact, since Fig. 2(a) represents half the complete structure, the power required in a practical device will be . We therefore define the power sensitivity as , or (16) In (16), size scaling is determined only by the parameter since and are both dimensionless. Because scales inversely with dimension, power sensitivity must scale similarly and therefore improve with miniaturization. It is strongly dependent on , however, the relative unimportance of gravity allows this ratio to be large in microstructures. In surface micromachining, cantilever lengths are usually restricted to 200 m [31] - [33] to avoid surface tension collapse. The minimum beam width is limited by lithography to 1 m so that could be as large as 200. Power sensitivity is also affected by geometry and by the value of (which defines the relative significance of convection cooling), since these are inherent in the function . To illustrate this point, we can perform the integration in (11) using the results of (6) and (7) to obtain for large for small (17) When is large, and are identical, implying that the power sensitivities of folded and unfolded structures are equal. To compare their values when is small, we shall assume a typical value for the length ratio , namely,
. In this case, we obtain and . Now, the results are rather different-the value of has increased tenfold, while has doubled and reversed its sign. The sensitivities are thus of opposite sign and of different absolute value in this regime.
We would therefore expect the sensitivity to vary considerably, depending on both the geometry and the value of . To illustrate this further, Fig. 4 shows the variation of and with the parameter , assuming that and . For large , the curves approach each other, but for small , they separate. Asymptotic values at each extreme are as given by (17) .
The importance of these results lies in the definition of . For a particular structure, and are fixed, so is simply proportional to the heat transfer coefficient . Quantitative evaluation of is beyond the scope of this paper-we merely note that it must depend on the velocity of the main moving part and the properties of the surrounding gas, particularly its pressure. For a fixed velocity and gas, Fig. 4 therefore effectively shows a plot of power sensitivity with pressure, the left-hand corresponding to "low pressure" and the right to "high pressure." The conclusion is that the sensitivity of unfolded structures will increase at low pressure, while that of folded ones will actually reverse.
To estimate the sensitivity of Si-based microresonators, we assume an aspect ratio , a width m, and the parameters C and Wm C . For large (at high pressure), we obtain % mW for both folded and unfolded geometries, so that a tuning range of 10% should then require powers of only W. For small (low pressure), however, we would expect % mW for the unfolded structure and % mW for the folded one. Radiation was neglected from the model on the grounds that the temperature rise will be small. We now justify this assumption. The maximum rise in the cantilever may be obtained from (3) as , where is the maximum of the function . When the parameter is large (for example), this value may be found from (6) as . For 10% tuning and with the parameters of the preceding paragraph, we obtain C, an extremely small figure.
III. EXPERIMENTAL RESULTS
Experiments were performed using diode-isolated laterally resonant comb-drive electrostatic actuators, fabricated by bulk micromachining of Si [36] . By using a very deep ( 100 m) undercut etch, this method allows very large (1 mm) cantilever spans without surface tension collapse. Briefly, n-type substrates were doped with boron to form a 7-m-thick p etch stop. This layer was patterned by reactive ion etching, and undercut by etching in ethylene diamene pyrocatechol. A thin (700Å) Al contact layer was then deposited, and the devices were packaged and bonded. Voltages were then applied between parts based on the electrical isolation provided by back-to-back p -n junctions.
The experimental structure is shown in Fig. 5 . It consisted of a movable spar, formed from two members with a span of 2.6 mm and a width of 5 m, spaced 50 m apart by cross braces of a width of 5 m. This truss acted as a light rigid support for the moving half of a comb drive, which consisted of a large number of electrodes of length 100 m and width and gap of 5 m. The spar was supported at either end by a cantilever of a length of 1.15 mm and a width of 5 m, which had its fixed end attached to the substrate. The moving parts then acted as a mass-spring system, with a resonant frequency of 1 kHz determined mainly by the mass of the spar and the stiffness of the cantilevers. The fixed half of the comb was attached to the substrate by a land. The structure corresponds to the folded geometry of Fig. 1(b) , with ratios , , and . Fig. 6 shows an SEM view of the spar end.
Devices were tested in a small vacuum chamber fitted with a rotary pump and a pirani gauge. Motion was induced by applying a sinusoidal voltage of 1-30-V p-p across the comb drive, and lateral deflections were measured using an optical microscope. Resonances were located by adjusting the frequency to maximize displacement. However, the drive voltage was controlled to avoid the onset of elastic nonlinearity, which shifts the apparent resonance to higher frequency [4] , [6] , [8] , [23] . Tuning was performed by passing a dc current through the suspension. At atmospheric pressure, the resonant frequency decreased quasi-linearly with tuning power, while the displacement increased.
Both observations are consistent with a reduction in suspension stiffness caused by compressive stress. However, improved linearity was obtained by limiting the drive voltage, because a reduced suspension stiffness also increased the deflection and exaggerated any nonlinear behavior. For example, Fig. 7 shows the variation of normalized resonant frequency with tuning power, at different ac drive voltages. Improved linearity is obtained at lower voltage.
With a 6-V drive, the power sensitivity was 2.5% mW , a factor of 20 below the value predicted by the theory of the previous section. This is a relatively large discrepancy, which may be attributed to the simplified treatment of convection. Convective cooling was assumed to take place exclusively in the spar, and its effect on the cantilever (which is also moving) was neglected. This assumption was adopted purely for simplicity and clearly leads to an overoptimistic estimate of power sensitivity.
Tuning over a limited range was found to be reversible, although small ( 3%) permanent shifts in frequency were observed in devices subject to extreme cycling. Lateral deflection of the spar was observed when the frequency shift rose above 10%, and significant out-of-plane buckling occurred when the shift reached 25%. The maximum tuning powers used were 10 mW, corresponding to dc voltages of 3 V across the suspension impedance of 1 k . Devices tested to destruction failed by thermal runaway at far higher powers, 200 mW. Further tests were conducted under vacuum. As the pressure reduced, the factor increased from 25 at atmospheric pressure to more than 250 at 10 mTorr. As the increased, the voltage was again reduced to limit the displacement and keep the average spar velocity constant, so that the main factor determining the heat transfer coefficient was pressure. Fig. 8 shows the variation of resonant frequency with tuning power, at different pressures. In each case, the response is linear. However, the sensitivity changes sign at 100 mTorr, implying that the suspension is under tensile stress at low pressure. At 10 mTorr, a 50% increase in resonant frequency was obtained, with significantly less out-of-plane buckling than at atmospheric pressure. The power required for 10% tuning was 300 W.
At 10 mTorr, the tuning sensitivity rose to 33% mW , a factor of 3 below the value predicted by the theory of the previous section. This is a much smaller discrepancy than was obtained at atmospheric pressure, suggesting that the treatment of heating and conduction cooling in the theoretical model is reasonably accurate. There are several explanations for the remaining error. For example, compliance in the support and the short beam linking the cantilever to the spar will allow relaxation of axial stress. The very limited value of in the experimental device will have a similar effect. Fig. 9 shows the overall variation of power sensitivity with pressure, which clearly shows the sign reversal predicted for a folded suspension. This suggests that the theoretical model is broadly valid, and also that the heat transfer coefficient varies quasi-linearly with pressure.
IV. FREQUENCY MATCHING IN COUPLED RESONATOR SYSTEMS
We have considered the effect of geometry and the various thermal processes on the power sensitivity of electrothermal tuning. We have shown that sensitivity is improved when convection cooling is eliminated, and that tensile strains may be set up in a cantilever suspension using a folded geometry. We now show how to exploit these results for frequency matching in a coupled resonator system. Fig. 10 shows how two folded resonators (F) may be combined with two spars (S) and an unfolded resonator (U) to construct a nested coupled resonator, which contains an inner resonator oscillating in the direction and an outer one oscillating in the direction. If the two resonators may be frequency matched, this geometry might find application in a coupled resonator gyroscope [17] - [19] . For example, the inner resonator may be driven at constant amplitude. Energy coupled to the outer resonator by coriolis force may then be detected capacitatively to sense the rotation rate.
At low pressure, the behavior of the structure may be inferred from previous results. A current passed between the anchor points of the outer resonator will heat it. Thermal conduction will ensure that most of the suspended structure (including all of the inner resonator) is at a roughly uniform temperature. Because the expansion of the inner resonator is unconstrained, its resonant frequency will be unaltered (apart from any small change due to the temperature dependence of Young's modulus). However, the four cantilevers supporting the outer resonator will again have a temperature gradient along their length, of the type shown in Curve B of Fig. 2 , and will thus be strained by differential thermal expansion. The resonant frequency of the outer resonator should therefore change without affecting that of the inner resonator. An independent tuning method of this type can then be used as the basis of a closed-loop frequency-matching system.
An experimental demonstration of independent tuning was performed using a bulk-micromachined device with the geometry of Fig. 11 , which has many dimensions in common with that of Fig. 5 . The additional spars forming the outer resonator cage are trusses, and the central mass of the inner resonator is a perforated plate. A parallel-plate electrode is used to drive the mass in the direction, while a comb electrode is used to drive the cage in the direction. The length was reduced to 950 m to increase space in the center of the structure, increasing the suspension stiffness of the outer resonator. In the absence of a tuning current, its resonant frequency was 1.56 kHz. The other design dimensions were chosen to make the resonant frequency of the inner resonator higher still, around 2.29 kHz. Fig. 12 shows an SEM view of the device near the top of the outer resonator.
The device was tested by measuring the two resonant frequencies as a function of the tuning power at 2-mTorr gas pressure. Fig. 13 shows the results obtained. The frequency of the outer resonator rises with power, while that of the inner resonator remains substantially unaltered. Unfortunately, the device was accidentally destroyed before complete frequency matching was achieved, but it appears that independent tuning does indeed occur as expected. The power sensitivity obtained ( 9.3%/mW) was lower than that described in the previous section for a simple unfolded resonator ( 33%/mW). However, the discrepancy is almost exactly acounted for by the factor of 0.5 arising from the introduction of a second pair of support cantilevers, and the reduction of the length , which results in a further factor of as suggested by (16) . Although frequency matching by this mechanism will involve continuous power consumption, it may have some advantage over electrostatic tuning in the extreme simplicity of the device geometry.
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